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Abstract—Symmetrized Kullback-Leibler (KL) information
(ISKL), which symmetrizes the traditional mutual information
by integrating Lautum information, has been shown as a critical
quantity in communication [1] and learning theory [2]. This
paper considers the problem of computing the capacity in terms
of ISKL for a fixed discrete channel. Such a maximization
problem is reformulated into a discrete quadratic optimization
with a simplex constraint. One major challenge here is the
non-concavity of Lautum information, which complicates the
optimization problem. Our method involves symmetrizing the
KL divergence matrix and applying iterative updates to ensure
a non-decreasing update while maintaining a valid probability
distribution. We validate our algorithm on Binary symmetric
Channels and Binomial Channels, demonstrating its consistency
with theoretical values. Additionally, we explore its application
in machine learning through the Gibbs channel, showcasing the
effectiveness of our algorithm in finding the worst-case data
distributions.

Index Terms—Symmetrized KL information, channel capacity,
quadratic optimization, Gibbs channel

I. INTRODUCTION

Kullback-Leibler (KL) divergence, as a widely adopted
measure in information theory, quantifies the difference be-
tween two probability distributions. Specifically, the KL di-
vergence between two probability measures P and Q over a
space X , where P is absolutely continuous with respect to Q,
is defined as

D(P∥Q) =

∫
X
P (x) log

P (x)

Q(x)
dx. (1)

However, KL divergence is not symmetric in general, i.e.,
D(P∥Q) ̸= D(Q∥P ), which limits its applicability in some
contexts. To address this issue, the symmetrized KL diver-
gence, or Jeffrey’s divergence [3], has been introduced to
provide a symmetric measure of distribution similarity, which
is defined as

DSKL(P∥Q) ≜ D(P∥Q) +D(Q∥P ). (2)

This symmetrized version of KL divergence exhibits inherent
symmetry and simplicity, making it applicable in various
scenarios as a measure of similarity for distributions, e.g.
see [1], [2], [4], [5].

The mutual information between two random variables X
and Y is defined as the KL divergence between their joint
distribution and the product of their marginal distributions:

I(X;Y ) ≜ D(PXY ∥PXPY ). (3)

Similarly, the symmetrized KL information (ISKL) between X
and Y is given by:

ISKL(X;Y ) ≜ DSKL(PXY ∥PXPY ) = I(X;Y ) + L(X;Y ),

where L(X;Y ) ≜ D(PXPY ∥PXY ) denotes the Lautum
information [6].

This paper explores the capacity problem with symmetrized
KL information, i.e., maximizing ISKL over a fixed channel,
which can be applied to bound channel capacity [1] and
understand the worst-case generalization error as in [2].

Maximizing ISKL poses significant challenges due to the
non-concave nature of the Lautum information with respect
to the input distribution. Therefore, traditional methods for
maximizing mutual information, e.g., Arimoto-Blahut algo-
rithm [7], which rely on the concavity of the problem, are
not directly applicable here.

To address the non-concavity issue, we reformulate the
problem into a quadratic matrix optimization over probability
simplex. Specifically, in Section IV-A, we derive a matrix rep-
resentation of ISKL in the discrete case. We further symmetrize
this matrix representation and apply iterative updates with
element-wise normalization, ensuring adherence to the simplex
constraints. This iterative algorithm, detailed in Section IV-B,
is designed to handle the non-concave nature of the problem,
guaranteeing a monotonic update in terms of ISKL.

We apply our algorithm to various channel models, in-
cluding the Binary Symmetric Channel (BSC) and Binomial
Channel, validating the proposed algorithm with empirical
data. The results presented in Section V show a strong align-
ment between the calculated capacities and theoretical values,
demonstrating the effectiveness of our approach. Additionally,
we explore the implications of our method in a machine-
learning context through the Gibbs channel, showcasing its
versatility in finding the worst-case data distributions as in
Section VI.
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II. PRELIMINARIES

A. Information measures

We note that the symmetrized KL divergence also belongs to
the f -divergence family [8], with f(x) = x log x−log x. As an
f -divergence, symmetrized KL divergence has the following
variational representation,

Df (P∥Q) = sup
h

EP [h(X)]− EQ[f
∗(h(X))], (4)

where f∗(·) denotes the Legendre transform of function f .
Total variation (TV) is another important measure in in-

formation theory and statistics that quantifies the difference
between two probability distributions. It is defined as:

TV(P,Q) ≜ sup
A
|P (A)−Q(A)|, (5)

where the supremum is taken over all measurable sets A.

B. Capacity

The concept of channel capacity is crucial in information
theory, as it captures the fundamental limits of communication.
It is well-known that channel capacity can be characterized by
maximizing mutual information for the channel PY |X :

C = max
PX

I(X;Y ), (6)

where the maximization is over all possible input distributions
defined over X .

Analogous to channel capacity, the capacity using sym-
metrized KL information for a fixed channel PY |X is

CSKL = max
PX∈P

ISKL(X;Y ), (7)

where the maximization is over some convex set of input
distributions P . Such a capacity has different interpretations
in various fields.

CSKL plays a significant role in bounding channel capacity.
It has been shown [1] that for any channel the capacity C can
be upper bounded by:

C ≤ CSKL. (8)

In [1], the authors demonstrated the similarity between the
capacities defined by mutual information and symmetrized KL
information in various channels, including the Binary Symmet-
ric Channel and point-to-point Gaussian channels. Their study
also shows that the capacity of memoryless Poisson chan-
nels, based on symmetrized KL divergence, is computable.
Furthermore, numerical results suggest that this upper bound
is effective for channels in molecular communication with
small capacities. By rigorously analyzing the point-to-point
Gaussian channel and the Poisson channel, they demonstrated
the broad applicability of this upper bound across different
types of communication channels.

Besides its role in bounding channel capacity, CSKL can be
interpreted as the worst-case generalization error for the Gibbs
channel within the context of learning theory. It is shown
in [2], [5] that the generalization error can be characterized
using the ISKL between the input training data and the learned

weights. Therefore, the capacity-achieving input distribution
for ISKL can be interpreted as the worst-case data input
distribution. This concept aligns with findings in the literature
that generalization behavior is highly data-dependent, and a
single learning algorithm does not work for all kinds of train-
ing data. Thus, examining the capacity of symmetrized KL
information provides significant insights into understanding
the data-dependent nature of generalization in learning theory.

C. Related Works

Channel Capacity Computation: In the context of maxi-
mizing mutual information, it is crucial to design an effective
capacity computation algorithm for various scenarios. For
discrete channels, most algorithms rely on iterative numerical
methods. These include the famous Arimoto-Blahut algorithm
[7], [9], linearly constrained optimization approaches [10],
[11], and simulation-based numerical algorithms [12], [13].
These methods often require an exact characterization of
the discrete channel. Therefore, these conventional algorithms
cannot be easily extended to general continuous channels,
where only pairs of training samples for channel input and
output are available. To resolve such a limitation, a sample-
based mutual information estimator is essential for handling
such capacity estimation problems.

Channel Capacity Estimation: Channel capacity estima-
tion can be viewed as two fundamental tasks: (a) estimating
the mutual information using samples of the channel input
and output and (b) maximizing this mutual information with
respect to the channel input distribution. Traditional methods
for the former task include binning [14], non-parametric kernel
estimation [15], [16], and Gaussian distribution approximation
[17]. However, these traditional methods lack scalability and
struggle with large sample sizes and dimensions, particularly
for high-dimensional data. The latter task can be addressed
using gradient descent methods for differentiable mutual in-
formation estimators. With advancements in deep learning,
significant progress has been made in mutual information
estimation. Recent work combines variational methods with
neural networks to construct neural network-based estimators
of mutual information [18]–[25]. These methods have also
been applied to channel capacity estimation, leveraging high-
dimensional encoders with neural network [26]–[28].

III. CHALLENGES

Both discrete algorithm and neural network-based contin-
uous methods for computing channel capacity rely on the
concavity of mutual information over input distribution for a
fixed channel. In [6], it was claimed that Lautum information
is concave for a fixed PY |X .

However, upon re-examining the proof steps, we show that
Lautum information is not concave.

Theorem 1. For a fixed channel PY |X , Lautum information
L(X;Y ) is not concave with respect to the input distribution
PX .
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The non-concavity of Lautum information is due to the
fact that the chain rule for mutual information, which is
crucial for demonstrating concavity, does not hold for Lautum
information [6]. The detailed proof of this result is provided in
Appendix A. Therefore, the CSKL problem, which integrates
mutual information with Lautum Information, is not concave,
presenting significant challenges.

We also note that variational methods that maximize mu-
tual information using the variational representation of f -
divergence cannot be directly applied to symmetrized KL
information. In particular, the Legendre transform of f(x) =
x log x − log x is f∗(·) = exp(t + LambertW(exp(1 − t)) −
1), which relies on the Lambert W function [29], presents
computational challenges for iterative updates using neural
networks [18].

IV. PROPOSED METHOD

In this section, we tackle the challenges associated with the
capacity problem of symmetrized KL information for discrete
channels. We propose a novel approach, transforming the
problem into a quadratic optimization problem and introducing
an iterative algorithm to ensure that the objective function is
always non-decreasing.

A. Matrix Representation of ISKL in the Discrete Case

To simplify the capacity problem in (7), we consider an
alternative expression for ISKL as shown in the following
proposition.

Proposition 1. For fixed channel PY |X , ISKL can be expressed
equivalently as

ISKL(X;Y )=
∑
x,x̃

PX(x)PX(x̃)D
(
PY |X=x∥PY |X=x̃

)
, (9)

where X̃ denotes an independent copy of X , sharing the same
distribution PX .

The detailed proof can be found in [30] Appendix B.
Using Proposition 1, we can reformulate the capacity problem
in (7) into a quadratic matrix optimization problem subject
to simplex constraints. To see this, we begin by defining
the vector X ∈ ∆d−1, where ∆d−1 denotes the probability
simplex with dimension d−1. If the size of the space |X | = d,
then each element Xi in vector X represents the probability
PX(xi) for xi ∈ X . Next, we define the matrix C, which is
an d× d non-negative matrix where each entry Cij represents
the KL divergence D(PY |X=xi

∥PY |X=xj
).

With these notations, by Proposition 1, ISKL can be written
in matrix form,

ISKL(X;Y ) = X⊤CX. (10)

To ensure that X ∈ ∆d−1, which represents a valid probability
distribution, we impose the following simplex constraints:
X⊤1 = 1 and X ≥ 0, where 1 is an d-dimensional all-one
vector.

Combining all these components, we obtain the following
equivalent quadratic matrix optimization problem:

max
X∈R

X⊤CX

subject to X⊤1 = 1, (11)
X ≥ 0.

This reformulation leverages the properties of the KL di-
vergence and probability distributions, providing a clear path
for optimization. Noteworthy observations include:
(a) The matrix C is not symmetric and contains

non-negative elements, since the KL divergence
D(PY |X=xi

∥PY |X=xj
) are asymmetric and non-

negative;
(b) As D(PY |X=x∥PY |X=x) = 0, all diagonal elements of

C are zero;
(c) The matrix C is not definite, as the capacity problem for

ISKL is not concave nor convex.
Therefore, this quadratic optimization problem is not directly
solvable, necessitating the exploration of specific problem
structures to design an appropriate algorithm.

B. Max-SKL Algorithm

In this section, we provide a novel iterative algorithm for
solving the optimization problem in (11), which ensures that
the objective function is always non-decreasing.

First, we symmetrize the KL divergence matrix C in (11)
by averaging it with its transpose:

Csym =
1

2
(C +C⊤). (12)

It is straightforward to verify that X⊤CX = X⊤CsymX ,
and we will only work with symmetric Csym in the following.

Here, we notice that this non-definite simplex-constrained
quadratic problem is related to the variational representation of
the eigen-problem [31]. In particular, for any symmetric matrix
A, the maximum of the following optimization problem with
a norm constraint

max
X

X⊤AX (13)

subject to ∥X∥2 = 1,

is the largest eigenvalue of A, which is achieved when X
equals to the corresponding eigenvector. Furthermore, as Csym
is a non-negative symmetric matrix, Perron-Frobenius theorem
[31, Theorem 8.2.2] states that its dominant eigenvector is
element-wise non-negative, and the constraint X ≥ 0 is
automatically satisfied.

Therefore, the optimization problem in (11) can be viewed
as replacing the norm constraint in (13) with a simplex
constraint. We anticipate that existing algorithms for finding
the largest eigenvector can be adapted to solve (11). We then
introduce our algorithm for updating probability distributions
within the simplex constraint, which is motivated by the power
iteration method.
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Power iteration is a well-known algorithm used to find the
dominant eigenvector of a matrix through iterative updates and
normalization [32]. Specifically, the power iteration algorithm
proceeds as follows. Given a matrix A, the algorithm starts
with an initial vector x0 and iteratively updates it with the
following rule

xk+1 =
Axk

∥Axk∥
. (14)

This process will converge when xk reaches the dominant
eigenvector of A. However, this normalization by the vector
norm only guarantees the norm constraint in (13) but cannot
ensure that the sum of all elements in xk is one.

Our algorithm leverages a similar iterative process but is
specifically designed for the simplex constraint. In the pro-
posed iterative update, the following operations are performed:
(a) Compute CsymXk, which is the product of the sym-

metrized matrix and the current probability distribution
vector.

(b) Update the probability distribution by multiplying the
current distribution Xk element-wise with CsymXk.

(c) Normalize the updated probability distribution to ensure
that the probabilities sum to 1.

In particular, starting with an initial X0 ∈ ∆d−1, we consider
the element-wise update rules

[Xk+1]i =
[Xk]i · [(CsymXk)]i

X⊤
k CsymXk

, i = 1, . . . , d, (15)

where [·]i denotes the i-th element of the vector. As both Xk

and Csym are non-negative, the resulting solution will satisfy
X ≥ 0 automatically. This approach leverages the structure of
the symmetrized matrix Csym to find a solution that satisfies
the non-negativity and simplex constraints.

In addition, the following lemma from [33] ensures the
monotonicity and convergence of the proposed iterative pro-
cess, which guarantees that X⊤

k+1CsymXk+1 ≥X⊤
k CsymXk.

Proposition 2 ( [33, Section 3]). Consider a symmetric d× d
matrix Csym = (Cij) with non-negative elements Cij ≥ 0. Let
xk
i be the probability of the i-th element (i = 1, 2, . . . , d) of

Xk in iteration k, such that
∑d

i=1 xi = 1 and 0 < xi < 1.
Let

IkSKL = X⊤
k CsymXk =

d∑
i=1

d∑
j=1

Cijx
k
i x

k
j , (16)

Ik+1
SKL = X⊤

k+1CsymXk+1. (17)

Then we have the following inequality,

Ik+1
SKL − IkSKL ≥ 0. (18)

This Proposition validates the convergence and correctness
of the update rules used in our algorithm, ensuring that the
objective is always non-deceasing under the given constraints.
Our algorithm will terminate when the total variation between
Xk and Xk+1 is smaller than a threshold ϵ > 0. The overall

Algorithm 1 Max-SKL algorithm
1: C ← Compute the KL divergence matrix with all elements

Cij = D(PY |X=xi
∥PY |X=xj

)

2: C ← 1
2 (C +C⊤)

3: X0 ← Initialize the probability distribution over X
4: for k ← 0 to maxIter − 1 do
5: CP ← C ·Xk ▷ Matrix-vector product
6: X

′

k ←Xk ∗ CP ▷ Element-wise product
7: Xk+1 ←X

′

k/(X
⊤
k · CP )

8: if TV(Xk+1,Xk) ≤ ϵ then
9: break ▷ Convergence check

10: end if
11: end for
12: return Xk+1, XTCsymX

description of the proposed Max-SKL algorithm can be found
in Algorithm 1.

Remark 1 (Comparison with Power iteration algorithm). Our
algorithm shares similarities with the power iteration method
but also has distinct differences. The power iteration algorithm
aims to find the dominant eigenvector of a matrix, utilizing
direct matrix-vector multiplication and normalization using
vector norm. However, it does not guarantee that the sum of
the elements of the vector remains one after each iteration.
In contrast, our proposed algorithm ensures that the sum of
the probability distribution vector elements is one by using a
normalization based on the element-wise product.

V. EXPERIMENTS WITH DISCRETE CHANNELS

To demonstrate the efficacy of our Algorithm 1, we conduct
various experiments under different settings. These experi-
ments showcase the algorithm’s ability to handle different
types of channels and input distributions, providing a reliable
tool for optimizing symmetrized KL information in practical
applications.

A. Binary Symmetric Channel

To validate the proposed Algorithm 1 for finding the sym-
metric KL capacity, we conduct an experiment for the Binary
Symmetric Channel (BSC). As shown in [1], the theoretical
capacity of a BSC with crossover probability of p ∈ [0, 1] is
given by:

CSKL(p) = − log2

(√
p(1− p)

)
− h(p), (19)

where h(p) is the binary entropy function. The theoretical
CSKL reaches its maximum at a uniform input probability dis-
tribution. Our goal is to validate our algorithm by computing
the capacity and comparing it with theoretical values.

In Figure 1, We compare the calculated capacities by
Algorithm 1 with the theoretical values CSKL(p) using (19)
for different crossover probabilities p ranging from 0.1 to
0.9. Figure 1 shows an excellent agreement between the two,
which confirms that our algorithm effectively maximizes the
symmetrized KL information.
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Fig. 1. Comparison of theoretical values and calculated symmetric KL
capacities using Max-SKL algorithm for the BSC. The experiment varies the
channel distribution p to validate that our algorithm can accurately compute
the theoretical ISKL.

The capacity-achieving input distribution (caid) of CSKL

identified by our algorithm is a uniform distribution, which
corresponds to the theoretical caid for CSKL and is the same
as the caid of traditional capacity with mutual information.
To further validate our algorithm, we conduct additional
experiments on Binary Asymmetric Channel (BAC) in [30]
Appendix C to show that the capacity-achieving input distri-
butions can be different for different capacities.

B. Binomial Channel

We consider a binomial channel [1] where the input of the
channel X is a continuous value in the range X = [0, 1]
and the output Y is a discrete variable taking values in
{0, 1, . . . , n}. The relationship between X and Y is described
by the binomial distribution:

P (Y = y|X = x) =

(
n

y

)
xy(1− x)n−y. (20)

For our experiments, we quantize the input space X ranging
from 0.1 to 0.9 with increments of 0.1 so that it is a discrete
channel. The channel P (Y |X) is calculated using the binomial
distribution in (20) with n = 10.

We consider two baseline algorithms in the comparison:
• Arimoto-Blahut algorithm, which is designed to maxi-

mize the mutual information over fixed channel;
• Power iteration designed for solving eigen problem.

In addition, we also compare the Algorithm 1 with its coun-
terpart without the symmetrizing step in (12), denoted as
Max-SKL and Max-SKL-wos, respectively.

Using the Arimoto-Blahut algorithm, caid for mutual infor-
mation is given by:

P (X) = [0.36, 0.00, 0.00, 0.05, 0.18, 0.05, 0.00, 0.00, 0.36].

Using the Max-SKL algorithm, the caid for ISKL is:

P (X) = [0.5, 0, 0, 0, 0, 0, 0, 0, 0.5]

0 10 20 30 40 50
Iteration

3

4

5

6

7

8

9

I S
KL

Max-Skl
Max-SKL-wos
Blahut-Arimoto
Power Iteration
Power-Iteration-wos

Fig. 2. Convergence of Max-SKL and Power Iteration, and comparison with
the result of the Blahut-Arimoto algorithm to calculate ISKL. Our algorithm
shows successful convergence in the binomial channel, with the Max-SKL
using a symmetrizing step demonstrating the best performance.

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Input X
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0.4
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pu

t X

0.0 0.7 2.5 5.3 11.7 17.4 20.4 21.5 21.8

0.7 0.0 0.3 1.3 4.2 9.2 14.9 19.2 21.5

2.5 0.3 0.0 0.3 1.5 4.4 9.2 14.9 20.4

5.3 1.3 0.3 0.0 0.4 1.6 4.4 9.2 17.4

11.7 4.2 1.5 0.4 0.0 0.4 1.5 4.2 11.7

17.4 9.2 4.4 1.6 0.4 0.0 0.3 1.3 5.3

20.4 14.9 9.2 4.4 1.5 0.3 0.0 0.3 2.5

21.5 19.2 14.9 9.2 4.2 1.3 0.3 0.0 0.7

21.8 21.5 20.4 17.4 11.7 5.3 2.5 0.7 0.0
0.0

2.5

5.0

7.5

10.0

12.5

15.0

17.5

20.0

I S
KL

Fig. 3. Matrix of KL Divergence Csym for n = 10. The entries at 0.1 and
0.9 are the largest, leading to a concentrated distribution at these points to
maximize XTCX .

The convergence of ISKL over iterations are illustrated
in Figure 2. Our algorithm successfully converges in the
binomial channel, and the Max-SKL demonstrated the best
performance. We also apply the Blahut-Arimoto algorithm to
maximize the mutual information and use its caid to calculate
the ISKL for comparison with our results. We found that the
Lautum information term plays a significant role in maxi-
mizing ISKL. Additionally, the caids for mutual information
and ISKL are quite different. The caid for I(X;Y ) is more
spread out, whereas for ISKL, the distribution is concentrated
at specific points.

To better understand the caid for ISKL, we visualize the
KL divergence matrix Csym in Figure 3. When n = 10,
we observe that the entries at 0.1 and 0.9 in Csym are
the largest. Therefore, to maximize XTCX , the distribution
should concentrate on these two boundary points. However,
when n = 100 (see Figure 9 in [30] Appendix D), the caid
spreads out more evenly across other points.
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VI. EXPERIMENTS WITH THE GIBBS CHANNEL

In this section, we demonstrate the effectiveness of our
algorithm for a specific channel, where ISKL can be interpreted
as the generalization error of a supervised learning problem,
highlighting the significance of the capacity problem in learn-
ing theory. Before delving into the experimental setup, we first
provide the context for the Gibbs channel.

A. Dataset and Loss Function
We consider a supervised learning problem with training

dataset S = {(Zi)}ni=1, where each data Zi = (Xi, Yi) ∈ S is
i.i.d. generated from the data distribution PZ . The performance
of different machine learning models W ∈ W is measured
by a loss function ℓ : W × Z → R+. Here, we consider the
following Mean Squared Error (MSE) loss function

ℓ(w, z) = ∥y − ŷ∥22 = ∥y − x⊤w∥22, (21)

with ŷ = x⊤w, i.e., we adopt a linear model. The goal of
supervised learning is to find a w that minimizes the following
population risk

LP (w,PZ) = EPZ
[∥Y −X⊤w∥22]. (22)

However, as data distribution PZ is unknown, we can only
minimize the empirical risk, which can be written as:

LE(w, S) =
1

n

n∑
i=1

(Yi −X⊤
i w)2 =

1

n
∥Y −Xw∥22,

where X,Y stacks the n i.i.d samples in vector form.

B. Gibbs Channel
Any learning algorithm can be viewed as a channel that

randomly maps the training dataset S onto a model W
according to the probability transition matrix PW |S . Thus, the
generalization error quantifying the degree of over-fitting can
be written as

gen(PW |S , PS) ≜ EPW,S
[LP (W,PZ)− LE(W,S)]. (23)

Here, we consider the Gibbs distribution as a channel, which
is well-studied in Bayesian learning because it provides a
principled way to incorporate prior knowledge and quantify
uncertainty [34], [35]. Specifically, the (γ, π(w), LE(w, S))-
Gibbs algorithm is given by

P γ
W |S(w|S) =

π(w)e−γLE(w,S)∫
W π(w)e−γLE(w,S)dw

, (24)

where π(w) is any prior distribution and γ > 0 denotes inverse
temperature.

In addition, as shown in [2], [5], the Gibbs channel has
the nice property that its generalization error equals the sym-
metrized KL information between the input training samples
and the learned model

gen(P γ
W |S , PS) =

ISKL(W ;S)

γ
. (25)

Therefore, for any fixed Gibbs channel P γ
W |S , our Max-SKL

algorithm can be used to identify the worst-case data input
that maximizes the generalization error.

C. Experimental Setup

In the following, we provide two toy examples to show
how our algorithm can be used to find the discrete worst-case
data distribution for the Gibbs channel. Using the MSE loss
function and Gaussian prior distribution π(w) ∼ N

(
0, 1

nI
)
,

the Gibbs channel can be modeled as a Gaussian posterior
distribution. For our setup, we set the parameter γ equal to the
number of samples n, ensuring that the posterior appropriately
reflects the sample size.

Since our Max-SKL algorithm is designed for discrete input
distributions, we make the following simplification:

1) We restrict the feature X to contain only two binary
features X ∈ {−1, 1}2 with a binary label Y ∈ {−1, 1};

2) Instead of solving the worst case distribution PS for
n samples directly, where the alphabet size will grow
exponentially with n, we focus on the case where the
prior distribution πn(w) is pre-trained with n samples
generated from PS0 , and our goal is to identify the worst
case distribution PS1

for the next n+ 1-th sample.
Thus, in this toy example, we only need to find a distribution

with an alphabet size of 8.
In the subsequent sections, we will discuss two specific

cases where the pre-trained prior πn(w) differs because it is
trained using the samples generated from different PS0 .

D. Case 1: Linearly Separable

1) Motivation and Setup: In this case, the input features
X and the target outcomes Y of PS0

are linearly separable,
meaning that a single hyperplane can accurately classify the
data points into their respective classes. This setup helps us
understand the impact of the worst-case data distribution on a
model that initially performs well.

We consider the joint distribution PS0 defined uniformly
over the following four points,

PS0
([1, 1], 1) = 0.25, PS0

(([1,−1],−1) = 0.25,

PS0
([−1, 1], 1) = 0.25, PS0

([−1,−1],−1) = 0.25.

2) Pre-training Process: Figure 4 illustrates PS0
of four

data points with coordinates [1, 1], [1,−1], [−1, 1], and
[−1,−1]:

• Class 1 (y = 1): [1, 1], [−1, 1]
• Class -1 (y = −1): [1,−1], [−1,−1].

It can be seen that y = x2, i.e., w = [0, 1]⊤ effectively fits
the data points generated from PS0

into their correct classes.
This pre-training uses the n = 100 samples generated from

PS0
, which gives us the following prior for the n+1-th sample

πn(w) =
π(w)e−nLE(w,sn)

Eπ

[
e−nLE(W,sn)

] . (26)

3) Worst-Case Distribution Impact: Using Algorithm 1,
we identify the worst-case data distribution for the
(n, πn(w), LE(w,Zn+1))-Gibbs algorithm. Figure 4 visual-
izes the worst-case data distribution PS1

. While it is defined in
the same coordinates as PS0

, the target labels have changed,
resulting in altered class assignments. In PS1 :
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Worst Case PS1Class 1 (y = 1)
Class -1 (y = 1)

Fig. 4. Linearly Separable Data Points (Case 1). The plots show the data
points under two distributions: the initial distribution PS0 and the worst-case
distribution PS1

. The initial model correctly fits the data points, but under the
worst-case distribution, the fitting plane shifts, leading to misclassification.

• Class 1 (y = 1): [1,−1], [−1, 1]
• Class -1 (y = −1): [1, 1], [−1,−1]

In Figure 4, circles represent Class 1 (y = 1) and crosses
represent Class -1 (y = −1). The worst-case distribution PS1

alters the fitting plane to y = −x2. This change results in
the projection of the input data to the opposite class, thus
degrading the model’s performance.

E. Case 2: Linearly Non-separable

1) Motivation and Setup: In this case, the input features X
and the target outcomes Y are linearly non-separable, meaning
no single hyperplane can correctly classify all the data points.
This scenario is designed to understand the impact of the
worst-case data distribution on a model that already faces
challenges due to non-separability.

We consider the joint distribution PS0
defined uniformly

over the following four points:

PS0
([1, 1], 1) = 0.25, PS0

([1,−1],−1) = 0.25,

PS0
([−1, 1],−1) = 0.25, PS0

([−1,−1], 1) = 0.25.

2) Pre-training Process: Figure 5 illustrates the distribution
PS0

for the data points with coordinates [1, 1], [1,−1], [−1, 1],
and [−1,−1]:

• Class 1 (y = 1): [1, 1], [−1,−1]
• Class -1 (y = −1): [1,−1], [−1, 1].

Due to the non-separability, the initial fitting plane cannot
perfectly classify the two classes and can only reduce the MSE
error value to prevent it from being too large.

This pre-training also uses the n = 100 samples generated
from PS0

. In this case, the prior has the same form as in
equation (26).

3) Worst-Case Distribution Impact: Using Algorithm 1,
we identify the worst-case data distribution for the
(n, πn(w), LE(w,Zn+1))-Gibbs algorithm. Figure 5 visual-
izes the worst-case data distribution PS1

. While the coordi-
nates remain the same as in PS0 , the target labels are altered,
affecting class assignments. In PS1 :

• Class 1 (y = 1): [1,−1], [−1, 1]
• Class -1 (y = −1): [1, 1], [−1,−1]

1 0 1
X1

1

0

1

X 2

True PS0

1 0 1
X1

1

0

1

X 2

Worst Case PS1Class 1 (y = 1)
Class -1 (y = 1)

Fig. 5. Linearly Non-separable Data Points (Case 2). The initial data distri-
bution PS0 is represented on the left. Under the worst-case data distribution
PS1

on the right, the class labels have shifted.

This shift in the target outcomes effectively changes the
fitting plane. The details of the posterior are available in [30]
Appendix E. Under the worst-case data distribution, a single
data point can have two labels with the same probability,
making it difficult to distinguish. This ambiguity causes a
significant increase in the model’s variance, resulting in a more
spread-out posterior distribution and increased uncertainty.

VII. CONCLUSION AND FUTURE WORKS

This paper presents a novel approach to computing the ca-
pacity of discrete channels in terms of symmetrized Kullback-
Leibler (KL) information (ISKL). By transforming the problem
into a discrete quadratic optimization with simplex constraints,
we developed the Max-SKL algorithm. This algorithm sym-
metrizes the KL divergence matrix and employs iterative
updates to ensure non-decreasing objective values while main-
taining valid probability distributions. In summary, our work
enhances the understanding of channel capacity and the impact
of input distributions, providing a valuable tool for both
theoretical analysis and practical applications.

Future research could extend this algorithm to more com-
plex channel models and higher-dimensional data distributions,
enhancing its applicability and performance. Specifically, our
Max-SKL algorithm, currently designed for discrete inputs, is
undergoing further development to accommodate continuous
inputs using Random Matrix Theory based on mean-field
theory.

APPENDIX

We start with the original proof in [6] showing that Lautum
information L(X;Y ) is concave with respect to the input
distribution PX .

Original proof: The proposition was based on the following
formulation:

L(X;Y ) = D

(∫
PY |XdPX∥PY |X |PX

)
(27)

To demonstrate concavity, the proof considered a binary
random variable U with values:

U =

{
1, with probability α,

0, with probability 1− α,
(28)
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where α ∈ [0, 1] represents the probability that U = 1.
Let X0 and X1 be two independent random variables. The

mixed distribution is defined as:

PXU
= (1− α)PX0

+ αPX1
. (29)

Using the Markov chain (U,X0, X1) − XU − Y , the data
processing inequality was applied to suggest:

L(XU ;Y ) ≥ L(U,X0, X1;Y )

= L(X0, X1;Y |U) + L(U ;Y )

≥ L(X0, X1;Y |U)

= (1− α)L(X0;Y ) + αL(X1;Y ), (30)

implying that L(X;Y ) is concave in PX .
Critical Review of the Chain Rule: Upon re-evaluation, we

found an issue with the application of the chain rule for mutual
information in the context of Lautum information. Specifically,
the chain rule does not hold for Lautum information. The
detailed steps are as follows:

L(U,X0, X1;Y ) = EPU,X0,X1
PY

[
log

PU,X0,X1
PY

PU,X0,X1,Y

]
,

L(U ;Y ) = EPUPY

[
log

PUPY

PU,Y

]
,

L(X0, X1;Y |U) = EPX0,X1
EPY,U

[
log

PY,UPX0,X1

PX0,X1,Y,U

]
,

L(U,X0, X1;Y )− L(U ;Y )

= EPX0,X1
EPY PU

[
log

PX0,X1
PY,U

PU,X0,X1,Y

]
̸= L(X0, X1;Y |U).

This discrepancy shows that the concavity argument based on
the chain rule is incorrect. Therefore, Lautum information is
not concave with respect to the input distribution PX .
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